Int J Theor Phys (2009) 48: 2920-2927
DOI 10.1007/s10773-009-0084-0

Fermion Tunnels of Cylindrical Symmetric Black Hole
and the Corrected Entropy

Kai Lin - Shu Zheng Yang

Received: 26 April 2009 / Accepted: 3 July 2009 / Published online: 15 July 2009
© Springer Science+Business Media, LLC 2009

Abstract Using the method proposed by Banerjee and Majhi, we researched fermion tun-
neling from cylindrical symmetric black hole, and obtained the correctional entropy. In our
work, we first prove that the ratios of the wave function’s components are constants near the
horizon, so the reasonable action form of the Dirac equation can then be gotten. From the
method beyond semiclassical approximation, we finally calculate the Hawking temperature
and correctional entropy.
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To prove Hawking radiation of black holes, researchers have proposed several methods
[1-5]. Recently, Parikh and Wilczek have derived the quantum thermodynamics effect via
tunneling method [6—-36], which regards Hawking radiation as a tunneling process: the vir-
tual particle tunnels from the inside of the horizon to the outside, where the particle will
materialize becoming a real particle. Subsequently, the Hamilton-Jacobi method was put
forward to research scalar particle tunneling radiation of black holes, and a fermion tunnel-
ing method was then proposed by Kerner and Mann in 2007 [37-47]. We developed prior
theory and obtain the fermion’s Hamilton-Jacobi method to research the higher-dimensional
cases [48-50]. However, the above methods are all based on semiclassical approximation,
so some small terms are left out. In 2008, Banerjee and Majhi used the method beyond
semiclassical approximation to calculate all quantum corrections, and correctional Hawking
temperature and entropy are finally obtained [51-61]. In this paper, we research fermion
tunnel of cylindrical symmetric black hole, and the conclusion support the work of Majhi
et al.

Cylindrical symmetric black hole attracts a lot of attention, because the study can help
to reveal the interaction between quantum effect and spacetime geometry. In cylindrical
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symmetric space-time, the metric is given by [62-64]

ds’> = —f(r)di* + f~'(r)dr’ + r’d¢’ + o*r’dz’, (1)
where 0 < ¢ < 2m, and o®> = — A /3; r is the radial circumferential coordinate, and
fy=a?r? =2, )
r

m is related to the ADM mass density. Obviously, the horizon position r( satisfies the for-
mula f(ry) = 0. In this space-time, the Dirac equation with fermion mass p is

YD+ EY =0 v=rr¢.c, 3)
where
i
D, = av + Ergﬁnaﬁa
; )
Ha =~ | Vo B
p =7 [ves vs]
In curved space-time, the gamma matrices should satisfy the relation
yf. v y=2¢"1 )
Here, we can choose the gamma matrices as
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¢ =p! =r! , 8
v <i03 0 ) i 0 0 0 ®
0 —i 0 O
00 0 —i
Z_1<0 —i02>_1 00 —i 0 ©
V" ral\ier 0 )T raloi o ol
i 0 0 O
where ¢V is the Pauli matrices. Now, let’s rewritten the wave function matrix as
A(t,r,¢,2)
B(t,r,¢,2) 0
W(t,r,¢,2)= Clt.r.¢.2) (10)
D(t,r, ¢,z)

For the purpose of obtaining an effective Dirac equation, we should first prove that, near the
horizon, the ratios between components of the wave function don’t depend on ¢, r, ¢ and z.
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To prove this conclusion, we will research the generalized metric
2= —f(r,0)dt* + £ (r, )dr?* + r’de* + o’r’dz>. (11)

It is clear the space-time given by (1) is a special case of (11), so the above conclusion is true
in static space-time if it is true in space-time (11). In fact, when we consider the evaporation
effect of black hole, the mass of black hole should depend on the time [65]. In the space-time
(11), the Dirac equation is

ﬁ(E_E_§>+ﬁA+L %JrfA)_f%_La_D:o, (12)
ar 4f r 4

Lob - ——=0, (13)

IA A A\ i (9C  fC\  idA i 9B
ﬁ(—————)+—c- ( tar)trag tares =0 (9

+——=0. (15)

B f'B B /,LD i BD fD zaB i 0A
r 8¢ ar 0z

W7

where f = al’ and ' = % From (12) and (14), we can obtain

4f

L_fe_C WA+ IH-VTEE+ LR -ta

r r ¢ ra 0z
A _ fTA AT . aC aA i
W—v—)—, —l(y W)‘F\/—(;w L___C)

ra 9z

(16)

Near the horizon, due to f — 0, the formula is given by
0C aC 0A0A f’ o s fo1 oC 0A
_——t —— - ) == (C? + A? C—+A—
(ar 8t+3r a;) (4]‘+ >4f( +TAD - 4f+ az+ at

f (.aC dA\
+E<C¥+A§>_O. (17)

Because f depend on the position of horizon r(y and time ¢, from the equation above, we can
obtain the formulas
aC aC  0A9A
—— + —— =0,
dar ot ar 0ot
C? 4+ A?=0,
aC A (18)
C—+A—=0,
at ot
C oc +A 04 _ 0
ar ar

From (18), the relation between A and C is determined

C*+A%=0. (19)
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Similarly, near the horizon, we can also prove that
B*+ D*=0. (20)

and our conclusion is in accordance with the results in Refs. [37, 38, 55, 62, 63]. Using the
above method, from (12), (14) and (19), (20), we can get

2<é>=ﬁ(é>=i<£>=ﬁ<£>=0 @
ot \ B or \ B at \ D or \ D

In static space-time, (19), (20) and (21) are true all the same, because space-time which is
given by (1) is a special case of (11). Via these results, we now rewrite the Dirac equation
as an action form. In static space-time, we can rewrite A as

At,r,¢,7) = Een "o ROy (¢ 7)), 22)
so C can also be rewritten as

Ct,r,¢,7) = GeR “O Ry (g 7). 23)
and B and D can be rewritten as

B(t,r,$,2) = Feh Co RO Y (g 2y, 24)

D(t,r,¢,7) = Hehi ORI P (g 7. (25)

Observably, the relation between constants £ and G is E = £i G, and the relation between
constants G and H is G = %i H. It is not necessary to discuss the relation between Y (¢, 7)
and I?(d), 7), because tunneling near the horizon is radial, and only the (r — ) sector is
important. Therefore, the action form’s Dirac equation can be given by

oE OR Rf' R MG
— — ——— —— |G+ — E=0, 26
77 + f<z p i ) +t——+tu (26)
wF dR  hf h MH
= — - — —|H+ 2= 4 uF =0, 27
(G ) 7
oG OR Rhf' R ME
—— -——— ——)E—— G=0, 28
VIS E T .
wH 3R hf h MF
i — — —— — — | F - — H=0. 29
,ﬁ+ﬂ@m Y- J —+u (29)
In WKB approximation, we can decompose radial action and energy of 1/2 spin particle as
R(r) =) KR, (30)
i=0
w=>Y Ho, 31)
i=0
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where Ry and wy is semiclassical radial action and energy of fermion. Substituting (30) and
(31) into the Dirac equation and then equating the different powers of & on both sides, we
can get following equations

Ro: Lj;;-‘:— \/_@G-FM-’— E=0,
“j;er deO +E+ F=0,
(32)
—%-I—iﬁ%E—E%- G =0,
‘j;me/— —A2—+ H=0,
e kS
I ﬁ+‘/7(’d 47 )G—O,
o F dR, 1
TG a0 -
a)lG _de f’ 1 _
TG gy ) E=o
(G e
B k=2 %Hﬁ%czo,
a)kF . de B
—%—Hﬁ%E—O,
r
wkH
J’_
f f

If there are non-trivial solutions in the above equations, the coefficient determinant must
vanish. Therefore, we can get

5 dRy\*  *;
o —%-Ff(d—r()) +r—§+u2=0, g=1,2, (35)
Bo— g (d +lf/+' =0 (36)
f dr  4f -
wp dR;
B k=2 ——"+f< ):o. (37)
f dr

It is clear that (35) is none other than the radial semiclassical Hamilton-Jacobi equa-
tion. Solving equations (35)—(37), and then the incoming and outgoing probabilities of the
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fermion can be given by

2 32242
VA At +
e%(w()lm“’[mf wd,’)
9

0. in __ in|2
R Py =y
VT =)
%(wolmt—lmf Mdr)
9

Pout |\Ilou[| (38)
Bl pin — |\Ili”|2 N e%(wllmt+wllmf dTr+lmf(%+%)dr)
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Pout }LIJO“’| e%(wllmt—wllmf %+Imf(%+%)dr) (39)
W k=2 P = [~ R ),
om‘ |\I/”’”| (wkIm’*wkImf dTr) , (40)
Now the incoming probability should be unified, so the outgoing probabilities are
0. out __ out *42(1-)9
RO P = W~ e R (41)
_4nog
hll Pout }\Ilm”| ~e¢ RS , (42)
7471(1),(
hk: k > 2 Pom‘ |\II”"”| ~e RS (43)

The total actions forms are the same, so the solutions of (41)—(43) are not independent,
and each energy is proportional to semiclassical energy wq. In units G = c =kg =1, we
therefore rewrite the radial action as

w= wo+Z/3, . wo—<l+Z/3, ; )wo, (44)

i=1

where Spy is semiclassical Bekenstein Hawking entropy. The correctional total fermion
tunneling outgoing probability is obtained

PO“’~exp[—(1 +Z/3, . )4;;;0]. (45)

Via the principle of “detailed balance”

2N

PO~ T pin = T (46)

the correctional Hawking temperature can be given by

-1

T, = <1+Zﬁ,ﬁ—> Ty. 47)
i=1 BH
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where Ty is semiclassical Hawking temperature, which is

h
Tu=1— f'@ro). (48)
T

Next, let’s research the correctional entropy. In black hole thermodynamics, the famous law
states

dM =T,dSp, +OdQ + QdJ, 49)

where ®, O, J and 2 are black holes’ electromagnetic potential, electric charge, angular
momentum and angular velocity respectively. It is clear that the correctional entropy of static
cylindrical symmetric black hole is d S, = %, so we can obtain

aMm
SblzZ/dSbh:/T:SBH+47Tﬁl In Sgy + const + - - . (50)
h

Our conclusion support Majhi’s work [55]. In this paper, we have never left out any triv-
ial terms, so our work shows that semiclassical entropy of cylindrical symmetric black hole
should be corrected. Because actual black holes are stationary or dynamical, and some resent
work proves several higher-dimensional black holes are stable [66—69], so it is worthwhile
to research these cases. Therefore, what we will do is research quantum tunneling from sta-
tionary, dynamical and higher-dimensional black holes via the method beyond semiclassical
approximation in the future.
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